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Abstract 

Let G be a connected and simply connected Lie group with Lie algebra g of finite dimension. 
Let f) C Q be a subalgebra, A a character of I), p{H) = — ^Tr ad s (£/"), H e f) and e a formal 

parameter. We prove an algebra isomorphism H^(t)^,a^l ^ ~ ([/( £ )(g)/?7( c )(0)f)A+p)' 1 

where the left algebra is the reduction algebra over the affine space — A + f) , and at the right 
part L r ( e )(g) is a deformation of the universal enveloping algebra £/(g) of g and C^( £ )(g)f)A+p 
the ideal of (g) generated by elements of the form X+(X + p) (X), X e f). Further results 

relate the specialization algebra #(° £=1 )(f)A , ^jt^) an( i other deformations of i7°(() A L , d^± q ) 

and (C/(g)/[/(g)f, A+ ,)». 

Keywords: Deformation quantization, invariant differential operators, Lie algebras, 
MSC2010 classification: 53D55, 17B37, 43A80, 22E60. 

1 Introduction 

Our motivation arises from the last paragraphs of M. Kontsevich's paper [11] which provided 
among several other things, a new approach to the Duflo isomorphism. The techniques of [11] 
for the deformation quantization of a Poisson manifold X were later expanded by A.S Cattaneo 
and G.Felder in @]-[S] considering a coisotropic submanifold C C X. The theory involving two 
coisotropic submanifolds C±,C2 C X with C\ ^ C2, is usually termed as biquantization. Later, 
A.S. Cattaneo and Ch. Torossian in [9] set the foundations of this perspective in the case of a 
Lie algebra g (and especially for the case of a symmetric space structure g = p © f)), considering 
X = C\ = g* . This paper concerns biquantization in the Lie case in general. It is meant to 
provide results towards a proof of the relative Duflo conjecture stated below in a way similar 
to the approach of the Duflo theorem in |llj . 

The paper is structured as follows: In Section 2 we recall the Duflo Conjecture along with 
the necessary techniques and results from deformation quantization and biquantization. In 
Section 3 we describe in detail the reduction algebra and establish some of its featu res that 
will help our arguments later. Some preliminary results used in the proof of Theorem 15.11 and 
the rest of the paper are also proved in Section 4. Section 5 presents our main result, theo- 
rem 15. 1| stating that there is a non-canonical isomorphism of associative algebras, such that 

^(e)(^A ' ^ff-L q ) — (^(e)(0)/^(e)(s)^A+p) f '- We also describe its formula in detail. The proof is 

based entirely on deformation quantization techniques and the idea of translating into equations, 
the concentrations of configurations spaces needed to solve a Stokes equation. The idea behind 
the Stokes argument comes from Kontsevich's way to prove his formality theorem and associativ- 
ity for his *— product in [11] , In the isomorphism formula, there is a so far unknown term which 
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is described in terms of colored Kontsevich graphs. This means that there is now an explicit 
link between the reduction algebra H^(t)j^, d*]_ q ), as the right candidate for the quantization of 

5(g/f)) f ' and the other side of the Duflo conjecture, namely (U(Q)/U(g)i)x+p) t] ■ Finally, Section 
6 contains results on the specialization algebra H^ e=1 ^(fjj^,d^±'^) := iJ^(f)^, d^l q )/ < e — 1 > 

and various deformations of (U(g)/U(g)t)\) f> . They provide an insight for deformations of 
iJ°(f)^, d^x q) and (U(Q)/U(g)l)x +p ) t] and will help prove some results on characters of invariant 
differential operators in a subsequent paper. 

Acknowledgements. This is part of the material presented in the author's Phd thesis at 
Universite Paris 7. The author would like to gratefully thank Charles Torossian for his support, 
exciting ideas and careful supervision during these years. He would also like to thank Fred 
Van Oystaeyen and Simone Gutt for their kind hospitality at the universities of Antwerp and 
Brussels respectively. 

2 Duflo Conjecture and Deformation (bi)quantization. 

2.1. Duflo Conjecture. In this section we introduce some notation and state the Duflo 
Conjecture. A review of the Conjecture can be found in [13] . § 1.1-1.2. Let G be a connected and 
simply connected Lie group with Lie algebra q of finite dimension. Let f) C be a subalgebra 
with Lie group H , A a character of f) and xa : H — > C the unitary character defined by the 
formula XA(expY) = exp(zA(Y)), for Y G f). Let U(q) be the universal enveloping algebra of 
and Uc(q) '■= U(q)®C be its complexification. Denote as Uc(o)fyix the ideal of Uc(s) generated 
by elements of the form {Y+i\(Y)/Y G fj} and set U c (q, f), A) := {A G U c (q)/ VY € f), [A, Y] G 
Uc(g)t)i\}- We denote as C°°(G, H,xx) the vector space of complex smooth functions 6 on G 
that satisfy 0(gh) = X^ifyOig), V7i G H,Vg G G. Finally let D(g,f),A) be the algebra of 
linear differential operators, that leave the space C°°(G, H, \\) invariant and commute with the 
left translation on G: V 5 6 G,VL> 6 D( S ,f),A),V0 G C°°(G,H,xx), it is D(C°°(G, H,xx)) C 
C°°(G,H,xx), and D(L(g)9) = L(g)(D(6)). Koornwinder in [12] proved that there is an 
algebra isomorphism 

L% c ,M)/^c(0)fM^ID>(B,f),A). (1) 

We will change the notation to (Uc(q) /U^Q^xf 1 instead of U<c{q, f), A)/C/c(fl)biA for the algebra 
at the left of ([1]), where the exponent means the invariants with respect to the extention of the 
adf)— action on U(q). Let S(g) be the symmetric algebra of q. We also consider it as the algebra 
R[g*] of polynomials on the dual algebra q* of q. Let Sc(q) be its complexification, A an extention 
of A on 0*, and Sc(g)t)x the ideal of Sc(fl) generated by elements of the form {Y + X(Y)/Y G 
{)}. The algebra Sc(g) has a natural Poisson structure defined for X, Y G by {X, Y} := 
[X, Y). It induces a Poisson structure on (Sc{q) / Sc{q)^) x)^ ■ Let f)- 1 := {I G fl*/Z(fj) = 0} and 
C[— A + f)^] f ' be the Poisson algebra of f)-invariant complex polynomial functions on —A + f)^. 
Then (S c (9)/S c (Q)i)x) h - C[-X + ^ as algebras. We denote by C poiss [(S( Q )/S( Q )t) x ^} and 
C ass [(U(Q)/U(Q)t)x) t) ] the centers of the corresponding Poisson and associative structure of these 
algebras over R. Finally, for ffet), let p(H) = -^Tr ad s (H). In [10j, M. Duflo stated the 
following: 

Conjecture 2.1 With the previous notations, there is an algebra isomorphism, 

C pojss [(S(0)/S(0)l lA ) f >] ~ C ass [(U(Q)/U(g)t } x +P ) h ]. (2) 

Before we continue with details on deformation quantization, we comment on the Poisson 
structure of (S(g)/ S(Q)t)x) i) and the deformation (S(g)/S(g)t)tx) t} , and fix some more nota- 
tion. Consider the algebras (Sc(fl)/<Sc(fl)f)A) f ', and (Sc{q) / S c (Q)i)tx) h , t G C*. If we equip 
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the second with the Poisson bracket t{-, ■}, where {•, •} is the standard Poisson bracket on 
(5c (g) /5c (g) flu)* 1 , then the map l t : P(-) h4 P(j-) is an isomorphism of Poisson algebras. 
Indeed, let Vol(—\ + denote the H— invariant polynomial functions on —A + rj -1 -. We 

identify this algebra with (Sc(q)/ Sc{Q)^)x) t) ■ Let Vol (t(— A + ^)) H denote the H— invari- 
ant polynomial functions on i(— A + f)- 1 ). We identify this algebra with (5c (fl)/5c(fl) f)a) ■ 
Consider the map L : 5 c (g) — ► 5c (fl), i G C*, defined for X G g by = For 

if G h, we have l t (H + A(if )) = \{H + t\(H)) and so 5(g)h A is mapped onto 5(g)f)t A . Thus 

(5c(0)/5 c ( )f) A ) f ' is mapped on (5c(s)/5c(g)l)a) b and (5 c ( )/5c( )h A ) f ' ~ 9 (ScM/Scte)^)"- 
We denote this algebra isomorphism again as If. For P G 5c (fl), we set Pt := It(-P). Define 
a Poisson structure {v}(t), i G C* on 5c(g) by {•, •}(<) := t{-, •}, where {•,•} is the standard 
Poisson structure on 5c(g). To show that It is a morphism of Poisson algebras, it suffices to 
verify this property on the homogeneous elements. Let P, Q G 5c (fj) be two homogeneous ele- 
ments with deg(P) = p,deg(Q) = q. Then I t ({P,Q}) = ^{P,Q} = t{i>t, Qt} = {P,Qt}(t) 
and thus It : (5c(g), {•, •}) — > (5c(fl), {•, "}(*)) is a morphism of Poisson algebras. The Poisson 
structure {•,•}(*) on 5c (fl) induces a Poisson structure {•,•}(*) on (5c(g)/5c(g)fytA) f '- Since It 
maps 5(g) f) A onto 5(g) f)f A , the morphism of Poisson algebras If induces another morphism of 
Poisson algebras (which we denote with the same symbol) It : ((5c(g)/5c(g)f) A ) f) , {•,•}) — > 
((5c(0)/5c(g)f)f A ) l, ) {■, •}(£))■ It is injective and surjective and thus an isomorphism of Poisson 
algebras. 

Let K = 1 or C and T(g) be the tensor algebra of g. Set T (e) (g) := K[e] <8) T(g) and let l e be 
the two-sided ideal < X <g> Y — Y ® X — e[X, F] > of T( e )(g). Define the deformed universal 
enveloping algebra of g as U(a(q) ■= Tr e \(g)/I e . Otherwise, U( e \(g) can be defined consider- 
ing the Lie algebra g e over K[e] with Lie bracket for X,7 £ j defined as [X, Y\ t := e[X, Y]. 
Then U^(g) is the universal enveloping algebra U(g e ) over the ring K[e]. We define similarly 
'5(e)(0) := ^(e)(fO/ < X (g> Y — Y ® X >. If A is an algebra, we denote the polynomials and 
series in e with coefficients in A by A[e] and A[[e]] respectively. 

2.2. Deformation Quantization. We briefly recall facts from [H] , [1] , [5] , [9] . Let X be a 

Poisson manifold with dim(X) = n, and {x±, . . . ,x n } a system of local coordinates on X. Let 
C°°(X) be the algebra of smooth functions on X. For a multiindex R = (r±, . . . , r p ), 1 < rj < 
n, 1 < i < p with Ti G N U {0}, let dji(f) := Q Xr dP /g Xr ■ Let also (-Bj)j>i be bidifferential 
operators on C°°(X) meaning that the B{ are locally of bounded order and can be written in 
the form Bi(f,g) = Y^ RS bf s d R (f)d s (g) with f,g e C°°(X). The terms 6f 5 are smooth locally 

defined functions and b^ s 7^ for finite number of multiindices R, 5. We suppose that Vi, R>i is 
of finite order. A star-product on C°°{X) is an R[[e]] -bilinear map C°°(A")[[e]] x C°°(X)[[e]] — > 
C°°(X)[[e]], (f,g) ^f*g, which for f,g,h G C°°(X), satisfies: 

1- f*9 = f-9 + EZiBiU, 9 y 

2. (f*g)*h = f*(g*h) 

3. / *l = l*/ = /. 

The most common example of a *— product is the Moyal product: Let (x\, ■ ■ ■ , Xk) be the local 
coordinates associated to the basis {ei, . . . , e^} of M fc and denote as d s the partial derivative 
with respect to the s th — coordinate. A Poisson structure on M. k is an antisymmetric k X k matrix 
(ir l: >) G M(M. k ) and the Poisson bivector it associated to (vr*- 7 ) is defined for /, g G C°°(R fc ), by 
n(f,g) ■= \ Y.i,j=i 7Tij d l (f)®d j (g). The Moyal product on C°°(]R fc ) is the star product defined 
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by the formula 




n=0 ii,...,i n ;ji,...,j n s=l \s=l 

where the product • at the right hand side is the pointwise product on C°°(]R fc ). In the sequence 
we will heavily use the following graphs introduced by Kontsevich in |llj : Denote by Q n ,m the 
set of all admissible graphs T, that is graphs satisfying the following properties: 

1. The set V(r) of vertices of V is the disjoint union of two ordered sets Vi(T) and V^T), 
isomorphic to {l,...,n} and {l,...,m} respectively. Their elements are called type I 
vertices, for V±(T), and type II vertices, for V2(T). 

2. The number of type I and type II vertices must satisfy the inequalities n,m > 0, 2n + 

m - 2 > o. 

3. The set -E'(r) of edges of the graph is finite. Each edge starts from a type I vertex and 
ends to a vertex of type I or type II. No loops or double edges are allowed for T. 

4. All elements of E(T) are oriented and the set of edges S(r) starting from r € Vi(r) is 
ordered. 

5. The set E(T) is ordered in a compatible way with the order in Vi(r), and S(r) for r £ 
Vi(T). 

To each such graph one associates a bidifferential operator: Let ip±, . . . ,ip n be n multivector 
fields on K fc and suppose that each i/j r is a skew symmetric tensor of degree k r . To the tensor 
product tpi ® . . . ® ip n and to a graph T G Q n ,m we associate a differential operator Br as follows: 
Use the notation [[1, k]] := {1, . . . , k} and let L : E(T) — > [[1, k]] be a labelling function. 

1. Fix a vertex r 6 [[l,n]]. If card(S(r)) ^ k r , set Br = 0. If card(S(r)) = k r , let S(r) = 

{el, . . . ,e^ r } be the ordered set of edges leaving r. Associate the function ^(e r )'---i L ( e r ) 
to r . 

2. On each vertex l,...,fn E ^(T) we associate respectively a function Fi,...,F m £ 
C°°(R k ). 

3. To the p th — edge of S'(r - ), associate the partial derivative w.r.t the coordinate variable 
L(e p r ). ' 

4. This derivative acts on the function associated to v € Vi(r) U V2(r) where the edge 
arrives. 

Since E(T) C V±(T) x (Vi(T) U V2(r)), let (p,m) G £?(T) represent an oriented edge of T from 
p to m. In this paper we deal with at most two type II vertices, so we restrict to the case 
card(V2(T)) = 2 and set hereafter F, G to be two functions corresponding to the ordered set 
V2(r). In the Lie case it is ipi = n = [•, ■], so we need card(S(r)) = 2, Vr G V\(T). The operator 
associated to a T £ Q n ,2 and n ® ■ ■ ■ ® 7r (n-times) is defined as 



£:£(T)-»[[l,fc]] 




5eE(T), S=(-,r) 



(4) 



x 



n a m )(f)x[ n 5 L(5) ) (g). 

\SeE(r), <5=(-,T) / \seE(r), s=(-,2) 
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Finally we recall the last ingredient for Kontsevich's *— product formula, the coefficient wr- 
Let H = {z G Cf3m(z) > 0} be the upper-half plane and let % + = {z € C/3m(z) > 0}. Embed 
an admissible graph r in % by putting the type II vertices on the real axis (they can move on 
the axis) and letting the type I vertices move in rl + . Consider the configuration space C n ^n 
defined as 

C n ,m ■= {{z\, . . . , z n , Zj, . . . , z m ) G C n+m / Zi G ri + , Z T G R, Zi ^ Zj for % j, Z T / Zj for I / j}. 

For our purposes we need the quotient C nj m '■= C n ^m/G2, where C?2 is the 2-dimensional Lie 
group of horizontal translations and dilations in rl. The action is G2 x C n ^n — > C n> m, < 
(a, 6) x z >i— > az + b where a G G K. It is a free action so since C n ^n is a smooth 

manifold, so will be C nj m with dimR(C ni m;) = 2n + rn — 2. The final restriction is made so 
that the configuration manifold we deal with is connected. For this let C~^ m be the connected 
component of C nj m obtained by putting an ordering on the type II vertices. In other words, 
Cnm := {( z i> ■ ■ ■ , z n , zj, . . . , Zm) G C nj m/Vi < j, Zj < Zj}. Consider now the manifold 6*2,0 an d 
a map on it, called the angle map, defined by <fi(zi,Z2) '■= 2~arg( |^~^ ), z\ 7^ Z2, where arg(») 
denotes an argument function. This map descends to Ci,q- Let then e = (z{, Zj) be an edge of T, 
and consider the natural projection p e : C n ^m — > C^o, (z±, ■ ■ ■ , z n , zj, . . . , zm) •->■ (zi, Zj). The 
pullback p* applied on the 1-form d<f> defines a form on C n ^ namely p*(d</>) =: d(f> e G Q}(C n ifn)- 
Then define Or to be the form Or := A e gS(r) d</>e- I n ^ ac ^ there is an order with which the 
1-forms d(j) e appear in this exterior product. This order is the one induced by the graph V, 
considering first the order in Vi(r) and then the order in S(r), r G Vi(T). To each T G Q n ,m 
Kontsevich associates a coefficient oj? G M by the formula ur '■= , 2 fr+ ^r- Since 

dim(C^ m ) = 2n + fn — 2, this is well defined iff Op is a (2n + rn — 2)-form. As for convergence, 

Kontsevich has constructed a compactification of to which Op extends continuously. We 
consider graphs T such that a priori wp / 0. 

Theorem 2.2 17 ij/ Let tt be a Poisson bivector on M fc such that (M fc ,7r) is a Poisson manifold. 
Then for f,g G C°°(]R fc ), the operator f * K g := fg + £„=i Er 6Qn , 2 *s an 

associative product. 

This is the local result while the global result for a Poisson manifold X was given in [6]. 

2.3. Coisotropic submanifolds. Let (X, tt) be a Poisson manifold, and TX, T*X the 

tangent and cotangent bundles respectively. Denote by dg G T*X the covector field associated 
to a function g G C°°(A") by the relation dg(L)(s) = (L s (g))(s) for s G X, L G and L s 
its value on s. Let now C C I be a submanifold of X, TC the tangent bundle of C, and 
N*C = Ann(TC) C T*X\ C the conormal bundle of C. Let vr# : T*X — ► TX, Z h-> vr#(Z) 
defined for F G s G C by the formula < ttT(Z s ), Y s >=< 7r s , Z s ®Y s >, be the bundle map 

on the cotangent space induced by tt. The submanifold C is called coisotropic, if ir#\c(N*C) C 
7~C. In other words C is coisotropic if the ideal 1(C) C C°°(X) of functions vanishing on C 
is a Poisson subalgebra of C°°(X). It is clear that in the Lie case, for a subalgebra I) C §, 
the annihilator t) 1 - (and also g*) is a coisotropic submanifold of g* with the natural Poisson 
structure induced by the Lie bracket. In two fundamental papers @], [5], A. Cattaneo and 
G. Felder, expanded the formality theorem of M. Kontsevich for the case of one coisotropic 
submanifold C of a Poisson manifold X. More specifically, the main theorem of [5] states that 
the DGLA of multivector fields on an infinitesimal neighborhood of C is L^— quasiisomorphic 
to the DGLA of multidifferential operators on T(C, ANC), the sections of the exterior algebra 
of the conormal bundle of C. Their idea was to replace the Poisson algebra C°°(X) with the 
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graded commutative algebra A = T(C, ANC) and then use a Fourier transform to compose 
with the original L^— quasi-isomorphism constructed by Kontsevich. 

We need some facts from the local construction described in [2]. primarily interested in the 
notions of colors, reduction algebra and a certain bimodule structure; we first recall the notion 
of colors. In deformation quantization of a (linear) Poisson manifold, one trivially has a single 
color for every edge in a graph V since for e € E(T), Lie) determines a basis variable of q without 
any discrimination. In the case of (trivial) biquantization where C\ = q* and C2 = t) 1 " however 
we consider two colors, with respect to f). Now each edge of a colored graph T carries a color, 
either (+) or (— ). Double edges are not allowed, meaning edges with the same color, source 
and target. We make that explicit: Let g be a Lie algebra, consider q* as a Poisson manifold. 
It is easy to see that C°°(g*) = 5(0), since the symmetric algebra S(q) can be regarded as 
the polynomial functions on g*. Let q be a supplementary space of f), that is q = t) © q and 
let {Hi, H2, . . . , Ht] be a basis for f) and {Qi, . . . , Q r } a basis for q forming together a basis 
for g. We identify spaces q* ~ 0*/tl* ~ rj- 1 . For e G E(T), let c e € {+, — } be its color. Let 
L : E(T) — ► {l,...,t,t + l,...t + r}, satisfying L(e) E {1,...,*} if c e = - , L{e) € 
{t + 1, . . . ,t + r} if c e = + be a 2-colored labelling function. This way, the dual basis variables 
{H^H^, ■ ■ ■ , H£} of f)* are associated to the color (— ) and dual basis variables {Q\, . . . , Q^} 
of q* are associated to (+). Graphically, the color (— ) will be represented with a dotted edge 
and the color (+) will be represented with a straight edge. Recall that in order to construct the 
differential operator Bp corresponding to a given graph, we associated a coordinate variable to 
each edge of the graph. In terms of 0*, let (a;*)j=i,...,n be the coordinates relatively to the basis 
{HI, . . . , HI , Q\,..., Q*} and let F be an admissible graph with two colors. The formula (|4j) of 
.Bp in this case has to be modified in the sense that for F,G € 5(q), the correct formula is the 
same as in (Tj||) but using the 2-colored labelling function L that we just described. 
The computation of Kontsevich's coefficients is also modified: To every 2-colored graph T is 
associated an 1-form Q-p and a coefficient tJr (the bar is used to indicate the existence of colors) 
as follows. Set <f> + ,<p_ to be the functions 4> + (z\, Z2) ■= 4>{z\,Z2) and 4>- := (f>(z2, z±), the bar 
standing here for the complex conjugate, or alternatively, + (zi, 22) = arg(zi — z%) + arg(zi — 
Z2), 4>-{z\,Z2) = arg(zi — Z2) — arg(zi — Z2). These functions also descend to C2,o — ^2,0/^2 
and thus can be used for definitions analogous to Kontsevich's. The function <f>+ will be used 
when the edge from z\ to Z2 carries a tangent variable (in q*) and the function ^_ when 
the edge carries a normal variable (in fj*). The form Or of a 2-colored graph T is similarly 
defined as Or := ^e&E(r)d4>-,e where d0+ je = p*(d</>+), d<p- >e = p*(d0_), when c e = (+) 
or (— ) respectively. The colored coefficient is Ur '■= (2 i2i+m-2 ^r- Let \ denote 

the set of admissible graphs with two colors and two type II vertices. Then theorem 12.21 is 
generalized in the following sense ([2]) : Consider W C ]R* +r as a coisotropic submanifold of 
IR* +r . c a ttaneo an d Felder associate a curved algebra, which in the linear Poisson case is 
flat. Its 0— th cohomology then accepts an associative product on it, called the Cattaneo-Felder 
product * CF ,e ■ C°°{W) x C°°(lR r ) — »• C°°(lR r )- It is given by the formula F * CF ,e G := 

F - G + Z™=i t n E reQ ( 2 ) "rBUF, G)) . 
3 Reduction algebras. 

3.1 Graphs and differentials. We specify some particular colored graphs that we will 
use (see [9] § 1.3, 1.6 and § 2.3). They are colored graphs with an edge colored by (— ) 
which has no end and that #V2(r) = 1, i.e there is only one type II vertex. We will say that 
this edge "points to 00" and denote it by eoo. The set of such graphs with n type I vertices will 
be denoted by Q^. 
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Definition 3.1 1. Bernoulli. The Bernoulli type graphs with i type I vertices, i G N, will 
be denoted by Bi. They derive the function F i times, have 2i edges and leave an edge 
towards oo. These conditions imply the existence of a vertex s G Vi(T) that receives no 
edge, called the root ofT. 

2. Wheels. The wheel type graphs with i type I vertices, i £ N, will be denoted by Wj. They 
derive the function F % times, have 2i edges and leave no edge to oo. 

3. Bernoulli attached to a wheel. Graphs of this type with i type I vertices, j G N, will 
be denoted by BWi- They derive the function F i — 1 times and leave an edge to oo. For 
an yV m — type graph W m attached to a Bi— type graph B\, we will write B[W m G BiW m . 
Obviously BiWm C BWi +m . 

Let us now give the definition of the reduction algebra without character. Let {ej,ef} be the 
ordered set of edges leaving the vertex I G Vi(r) of a colored graph T G Qf\- For such a T and 
using the notation H* := di, let Br : S(q) — ► S(q) ® (j*, F t-» Br(F) be the operator defined 
by the formula 



B r (F) 



L:E(T)-y[[l,t+r] 
L colored 




L{el)L(el) 



n 

ee£(r) 

e=(-,T) 



d L (e)F 



^iW ( 5 ) 



Equivalents, one writes B r (F) = £* =1 Bi(F) ■ H* G S(q) <g) ff, where 



E 



£:S(r)->[[l,t+T 
L colored 



n n 

r=l VeE(r), e=(-,r) 
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L(e) 









X 



/ 

II 9 L(e)F 



\e=(,l) 



(6) 



/ 



Definition 3.2 We denote as : 5*(q)[e] — > 5*(q) [e] <2) f)* i/ie differential operator = 

SSi e *^x where d^l = SreBjUBWj <^r-E>r- W^e define the reduction algebra H^ty 1 -, d^l ) 
as i/ie vector space of solutions Fu\ G 5'(q)[e] of the equation 

= 0, (7) 
equipped with the *cF,e— product, (which is associative on H®^(\)-^ , d^l ) 6?/ J3J/J. 

3.2 The algebra H°(f)- L , d^x^). If a polynomial G G S^q) is homogeneous of degree p with 
respect to the ordinary polynomial degree in q, we will write degq(G) = p. Similarly we consider 
the e— degree deg e for elements of 5(g)[e]. For F G <S(q)[e] set deg q e (F) := deg q (F) + deg e (F). 
We consider the corresponding notions of degree also for differential operators on 5(q)[e]. Let 
now Ff e \ = F n +eF n _\+- ■ -+e n Fo, F{ G S(q). The defining system ([7]) of linear partial differential 

equations is d^} (F n ) = 0, d^} (F n )+d^x (-^n-i) = an d e t c - That is, one uses the deg e of the 

• (i) _• 

terms e % d) j_ , e n to write down homogeneous equations. In fact it is possible to write such 

■ (i) —■ 

homogeneous equations without using the deg e of e l dYi ,e n ~ l Fi, but using instead the degree 
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F F F 



Figure 1: 

(3) (7) 

A £>3-type graph in d^l , a £?3>V4-type graph in , and a Ws-type graph. The first two are 
also examples of graphs in and respectively. 

(i) 

deg q of d^l qj-^i- This will produce the same system of homogeneous equations for a function 

F = YJLq F {n ~ i] in 5(q) with each F^ being a homo geneous polynomial of deg q (F^ fe ^) = k. 
We take the next few lines to explain why. 

Recall that the possible graphs in <&l are of B— type and BW— type. The root of a B— type 
graph T can belong either to fj* or to q*. In the first case, the contribution of the operator 
-Br in d^]_ is zero after evaluating everything at q*, while in the second case the evaluation is 

trivial and non-zero. We suppose hereafter that these roots belong in q. From a graph Bi £ Bi 
we write a differential operator that derives the function F i times. Since the root of the 
graph represents a bracket, it adds a variable (and thus a degree to deg q ) to the symbol of the 
operator so we deduce that such operators are of degree deg q (-£>#.) = — i + 1. Similarly, a BW— 
type graph B[W m with i = I + m type I vertices, corresponds to a differential operator that 
derives the function F, i — 1 number of times. Thus it is an operator of degree deg q (i?B ; iy m ) = 
—i + 1. This means that in both cases [B and BW graphs), the operator Br t for Tj € Bi or 
Ti 6 \Ji +rn=i BiW m , has a degree deg q (i?rj = + i being the number of its type I vertices. 
We can now regroup these graphs with respect to the degree of their associated operator and 
rewrite a system as (J7J) but lacking the parameter e. 

Denote as d^x^ : S(q) — > 5(q) (8) rj the differential operator d i) ± q = YaLi %x q where d^]_ = 

SreBiUBWi ^rBr and as iJ°(^ _L , dux „) the vector space of polynomials F € S(q), solutions of 
the equation dux „(F) = 0. In the linear Poisson case as here, the Cattaneo-Felder construction 
without e is still valid for polynomial functions and defines an associative product *cf on 
H°(t) , dux q ). In the sequence H°{i) ,dux„) will stand for the algebra (H ^- 1 , dux „), *cf) ■ 

Proposition 3.3 Let g be a Lie algebra, f) c a subalgebra and q such that g = f) © q. If 
F« e 5(q), deg„(F«) = i and F = E"=o G ^(^-V,^ then F {e) := ELo e^ (n_i) € 

fl&OrS^iq) deg qie (F (e) ) = n. Conversely, if F e = E]=o^ F j G flfoO)" 1 ,^' ^ en 

Proof. As explained, the algebra iT°(f) , dux „) is defined by a system of homogeneous equations 
because the operators in tf^i. are homogeneous with respect to deg q . So these are 

d« (1*0) = 0, 4 2 2 q (F("))+4 1 J ) (F^ 1 )) = 0, q (F("- 1 ))+^ 1 ± ) q (F("- 2 )) = 

(8) 
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and so on. The terms are homogeneous polynomials of degree deg q (FW) = i and we need 
to show that the equations defining iJ^(^-*-, d^l ) are satisfied by F( e ) = X^=o ^ l F^ n ~ l \ Indeed 
they are homogeneous with respect to the total degree deg- e := deg q + deg e . More precisely and 



using temporarily the notation c l d^l =: we have by definition d^l = E d^l q - Then for 



df ±A {F {e) ) = d ^t q (F^)+d^^eF^)+dfi ■ ■ 

e «i, q ( i?(n) )) +e2 W, q ^ (n) ) + <x ) , q (^ (n - 1) ))+ e 3 (^V^^) + ^V^) + <i q (^))+- • • 
which by the system (jSJ, gives djj2 (F( e )) = and so F^ € F^f)- 1 -, ). Conversely, if 
F e = Ej=o e ^(°e)(^" L ' ^jjx ); then a^]_ (F 6 ) = and the first equations of this system are 

d£2 q (fb) = 0, 4 2 2 q (Fo) + d« ^F) = 0, dfl q (F ) + dg >q (Fi) + ^(fj,) = (9) 
and so on. Then 



<V iq (F) = <A q (F ) + (^ q (F ) + d^l A {F x )) + [d^ A {F ) + dp A (Fi) + ^ q (F 2 )j+(- ••) + ••• 

and from the system (|9|) we see that F = J2i=o F i satisfies cf„x (F) = 0. Thus F £ F ^, d[,± ). 
o 

As a corollary, one gets that the algebra (F^Fj^, dj^ ), *cF,e) is graded and homogeneous 
with respect to deg qe . For deg q e = N, let ^H^(i)- L , d^± denote the corresponding 

vector space for this grading. If A £ (Hq^, df x q )) ^ , let A = E£Lo eVF^ - *). Then 
dg^A) = o ed« q (FW)+ e s (dfi q (FW) + <2 >q (F^))) +• • • = * F = £f =0 F^) € 
ff°(f)V h x,q) by Prop. E3 

The specialization algebra H^-^rj- 1 -, ). Denote as < e— 1 > the ideal (e— (fj- 1 -, d»2 

of F^(r)- 1 -, ) for the *cf,c _ product. Define the specialized algebra of f)- 1 to be H^^Qj-^ , 
(tffoOrS dfij/ < e - 1 >) . Denote by 

*CF,(e=i) the Cattaneo-Felder product on H9 =1 Jfj, d^ 
Let F = Yh=o F^™ - ^, G = Ej = oG^~^ € F ^- 1 , e^x q ) be decompositions in homogeneous 
components (that is deg q (FW) = k, deg q (C7( m )) = m) and let F {e) = J27=o e * F(n ~ l) > G (e) = 
E^^EiJ^l,^^ Consider the map i £ : c^x,,) — >• F^, d^), F^ 

i e (F). For p < n we have'i e (F + G) = F (e) + e n ~PG (e) = F (e) + G (e) + (e n "P - l)G? (e) . 
Furthermore, the *cF,e product here is homogeneous of total degree 0, that means for A, B 
homogeneous in deg q e , we have deg qe (A *cf,e F) = deg qe (A) + deg qe (F). Indeed, let A = 
Ej=o en ~ iA(j) > B = ELo e p ~ fc F( fc ) with deg qj£ (A) = n,deg qj£ (F) = p. Then A*c*> B = AB + 
Efci e * Er o( 2 ) <^rFr(A, F). If for example T € 2 has one type I vertex that is not derived 
(i.earoot),thendeg q (F r (AW, = j+fc— (i+l)+l. SoVi, deg q>e (^rtf""^ 1 ^^"^^ 1 )) 

n+p. Thus x e (F*c F G) = i e (F)*c F MG). Let now 7r (e=1) : F^^^, dJ2 >q ) — ► F^^, d^) 
be the canonical projection. 
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Lemma 3.4 Let g be a Lie algebra, f) C g a subalgebra and q a subspace such that g = Fj © q. 

(e=l)W ' if± t q 



The map i( e =i) := 7r (e=i) ° *e : H°0)~ L i ^- L ,q) — ^ -ff? e=1 s (f)" 1- , dl^ ) an algebra isomorphism. 



Proof. Let's first prove that i( e= i) is a morphism. For F, G G H°(l)- L ,d i) ± „) and p < n it is 
i (e= i)(F + G) = 7r (e=1) (F (e) + e»-PG (e) ) = 7r (e=1) (F (e) ) + 7r (e=1) (G (e) ) + He=1 ]((e^ - l)G (e) ) = 

i( e =i)(i ? )+i( (E =i)(G). Also by definition of the product on the quotient H® e _y(f)- L , d^ 1 ^), we have 
t(e=i)(F *of G) = 7r (e= i)(F (e ) * Ci r e G (e )) = 7r (e=1 )(F (e )) *cF,(e=i) 7r( £= i)(G {e) ). In addition, i (e=1) 
is surjective because \ e is surjective. Indeed, by the corollary after Prop. 13. 3| F^(f)- 1 -, djp| ) is 
homogeneous with respect to the total degree deg q(E . So an element ^4 of total degree ./V can 
be written as A = £jLo eVF^"*) . Then F := Eilo-^ -0 e H °(*) X , V,q) and = A 

Finally i (e=1) is injective: For F = EiLo^"^ € ^°(^" L > V,q) we have ^=i)( i? ) = ^ 
i e (F) € (6 - l)^^^). That is, F = E£o ^ (JV_0 e'(e - l)H° {e) (^, dftj by the 
discussion before this Lemma. Then for e = 1 we take Ei^Lo F^ N ~^ = and thus F = 0. o 
3.3 The affine case: The algebras H° e) (hf , djj 6 ] q ) and H° =1) (f)f , djf^). Set h A to be the 

vector subspace of 5(g) generated by the set {H+\(H), H G f)} . Let := {/ G 0*//lb = —A} 
an affine subspace of g*. We will abusively write —X + t) 1 - = i}^ since A is defined only on f). 
Define the reduction algebra H9^(f)j^ , ) using homogeinity with respect to the deformation 

parameter e in the same way as in the vector space case of § 3.2. This is less easy now: the 
root of a B— type graph can be either in q* or f)* as before. If the root is an H G f)* then the 
existence of the character A would give —X(H) G K after evaluation at the root. So this time 
the operators By are not homogeneous with respect to deg q and consequently the equations 

d^l qC^e)) = are n °t homogeneous with respect to deg qe . 

Denote by iT^(f)^-, d *]_ ^) the algebra of polynomials P( e ), solutions of the equation d*]_ q {P(e)) = 
0, equipped with the *cf,e product. It will be called the reduction algebra over — A + f) -1 . Denote 
by i?° e=1 ^(^, d^ 1 ') the specialized reduction algebra il^(h^-, d^l )/ < e — 1 > over —A + h 1 - 
with the corresponding Cattaneo-Felder product denoted by *cF,(e=i)- Let d^x q : 5(q) — )• 
S(q) (g> h be the differential operator d^x. q = Ei^i ^jjl q where d^l ^ = EreBiUBWi ^r^r, and 
let H°(t)-^, d^x q ) be the vector space of polynomials P, solutions of the equation d^x q (P) = 0. 

The Cattaneo-Felder construction without e is still valid for functions on —A + f) and defines 
an associative product *cf on iJ°(fj^, d^x q ). In the sequence H°(fyj^, d^x q ) will stand for the 

algebra yH° , d^x q ),*CF^- In the affine case, H® e=1 }(t)\ , ^jT^) an d ^°(^A'^ q) are no * 
isomorphic as in the vector space case. However the following is true: Let F = Ei=o ^^'i ^ 

H IM'41J' alld COIlsider the Hllear ma P J 1 KM'^lj ~^ F °^A'^,q) ' J ( F ') = 
E fe ^. Obviously J(< e - 1 >) = and we denote as 7 : # ( ° =1) (f)f , dJJ) ~ > ^^A- ,,) 
the induced quotient map. We borrow notation from § 3.2 and let 7T( e =i) : il^(fj^,c^j| £) ) — > 
^(e=i)(^A ' ^i~q ) denote here also the canonical projection. 

Lemma 3.5 VF^/i f/iese notations, J : H? e=1 ^(t)j; , d^~^ ) — > H°(t)-^, d^x. q ) is injective. 
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Proof. The map J is well defined. Indeed, by definition of i?^(fj^, d^l ^), if F' = ^2j =Q e l F- 6 
^(e)(^A ) (the terms F f ' are not homogeneous polynomials here) then it satisfies the equa- 

tions dg> q (ift = 0, rfl A (*i) + d fl M ( F o) = and etc. Thus (Z P >i ^£5,) (Zk>o ^K) = 
and so 

\ \p>i / \fc>o / / \p>l / \fe>0 / 

Thus J(F') = T.k>oK e ^°(^,^x q ). Then J(F') = => F' = E fc >i^X " A?') = 
Ek>i t k K ~ Ek>i K = Ek>i(t k - e< e - 1 >, that is J(F') = => F' G< e - 1 >. So 
F' = in the quotient iJ° e=1 ^(f)^, cZj^T ). Thus J is injective. It's clearly a map of algebras for 
the products *cf,(c=i) and *CF- 

4 The biquantization diagram of q*, —A + f)^. 

4.1 Biquantization diagrams and the bimodule structure. We briefly return to the 
general setting of a Poisson manifold X. The construction of § 2.3 for essentially one coisotropic 
submanifold since we considered C\ = X, C 2 C X and thus only two colors, is generalized for 
two coisotropic submanifolds C±,C 2 C X and four colors as follows. Consider the diagram of 
Fig. 2 where on each semi-axis we have the one coisotropic submanifold case of § 2.3 with respect 
to the computation of the coefficients cJr- and the differential operators -Br- Let Tl ++ = {z £ 
C/$s(z) > 0, 3i(z) > 0} and e±, e 2 take values in {— , +}. For z\, z 2 € T~L ++ define the angle func- 
tion of four colors as <j) eue2 (zi, z 2 ) := arg(zi-z 2 ) + eiarg(zi-Z2") + e2arg(zi-|- z5)+eie 2 &rg(zi+z 2 ). 
The angle form d0 ei£2 is defined correspondingly. When we consider concentrations of points 
close to the vertical or the horizontal axis, the angle form of four colors d(j) Eltt2 degenerates to 
the angle form of two colors and the situation trivializes to the case of one coisotropic subman- 
ifold. For example in Fig. 2, if we concentrate at the vertical axis, an edge has two options of 
colors namely + and — (corresponding in the 4-color situation to (+, — ) and (—,—)) whether 
the variable assigned to that edge belongs or doesn't belong respectively to C\. An important 
feature in [3| is the existence of a bimodule structure for the reduction space at the origin 

of the biquantization diagram. Let H? e) (d, dQ), H? e) (C 2 , dQ), H9JCi n C 2 , d%l,c 2 ) be the 
reduction spaces at the vertical axis, the horizontal axis and the corner of the diagram (corre- 
sponding to C\ nC 2 ) respectively. The first two are in fact algebras with the corresponding *cF,e 
product, while the third is not. In generality these spaces correspond to the 0-th cohomology 
of a Chevalley-Eilenberg complex, which is actually an A^— algebra in the case of the first 

two. The differential C2 is defined in terms of graphs in two colors as in § 2.3 while for d^P 
one uses a 4-colored labelling function L. The authors in [3] construct two module structures 

*! : x H U Cl n C ^ d clc 2 ) — ► H U Cl n ^.dgU), < /,P / *i P, and 

* 2 : flJ> e) (Ci n C 2 ,dg jC2 ) x H° {e) (C 2 ,d<£l) —> H U Cl n C ^ d c\d < P>9 >^ P *2 9- By the 
original construction, we know exactly the formulas for these module structures. If we denote 
by Q,^\ the family of admissible graphs of four colors and two type II vertices, then for p £ 
# ( ° e) (Cin C 2 ,dg C2 ), / G tf^d.dg) one writes /*! p = /-p+E^l & E reQ W ^ r B r (f, p), 
for the left H^(C±, d^)— module structure of H^(C± D C 2 , d^ C2 ) and similarly, for the hor- 
izontal axis, the right H9JC 2 , d^)— module structure of H9JCi n C 2 ,d^ is written as 
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Figure 2: The biquantization diagram for Ci, C2 with colors and concentrations. 



p *2 g = p ■ 9 + Er=i It £ 

the use of a 4-colored labelling function L 



(4) (jJyBy{p, g). Note that here i?r is defined as in § 2.2 but with 

1 el *fc,2 



4.2 The operators T 1 and T 2 . Let q(Y) := det e 



sinh ■ 



adY 
2 



,y € and (3 : 5(g) — ► 17(g) 



be the PBW symmetrizaton map. We use the notation *£> for the star-product on S(g) writ- 
ten without the parameter e and *dk for the star-product written with e. Recall from 

§ 8.3, Theorem 8.2, that the Kontsevich product *£>, satisfies the relation j3 (d 1 (/ *d g) 



/3(d if)-(3(d ig). Consider now the biquantization diagram as in Fig. 2, putting the coisotropic 

q^ 

submanifold o 1 - = g* on the vertical axis and —A + t) 1 - on the horizontal one. Let q be 
such that g = rj © q, T G Qn\ an d c e = (v) denote the color of an edge e G -^(r). 
Let again {H*, . . . , H£, Q^, . . . , Q*} be a basis of g* formed from bases of f) and q respec- 
tively and let (xi)i=i....,ra be a coordinate system relatively to this basis. We assign a variable 
%s,e G {xi, ■ ■ ■ ,Xt} if e G E(T) is of color c e = (±, — ) and a variable xt, e G { x t+i, ■ ■ ■ ,xt+ r } if 
c e = (±, +). Since there is no variable in q^, there are only two colors in this diagram namely 
(+,— ) (corresponding to f)*), or (+, +) (corresponding to q* ~ t) ± ). Graphs here may have 
double edges and still satisfy Ur 7^ as long as these edges are of different color. 

Let iJ^(f)^", d^J (f ) be the reduction space at the corner of this diagram. We use the bimod- 
ule structure of § 4.1: Let *i be the left H? e ^(g*,d^)) — module structure of H^(t)j^, d^^ x q ) 



and consider the map T\ : H9Jq* , d^)] 



H^hd 



s*,bjr ,q 



1, F 1-4 i 7 *i 1. Similarly for the 



horizontal axis let *2 be the right H?^(t)j^, d^± ^)— module structure of i7^(h^-, d 



and let 



, G 1— )• 1 *2 C. The calculation of the reduction algebras 



r a :fl? e) (M 

F (°6)^A > tfl #(°)(0*> 4* ) and the reduction space flf e) (^, 



,(0 



JTP e \(g*, d„* ) — ?7( e )(fl) a s associative algebras and Hf e ^(i)j^, d^ 



(e) 



) is done in [9] . Recall that 
~ <S(q)[e] as vector spaces, 

(6) 



so we will write T x : (S {e) ( 9 ),* DK ) ~ (tf (e )(fl),-) — ► 5(q)[e], and T 2 : /^(rjf , dg q ) 
£(q)[e]. Let F G (*7( £ )(fl), •), G G i7 ( ° e) (hf, dj^j q ). From @], the compatibility relat ion between 
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the two module structures is 

(F* 1 1)* 2 G = G* 1 (1* 2 G), (10) 

For F G S(g), a possible graph in T\(F) is not necessarily of W— type because F can be 
derived by two different colors, (+,— ) and (+,+). For example the graph T G Q^j with two 
edges towards F colored by (+, — ) and (+, +) respectively, contributes non-trivially to F *i 1. 
However if F G S(q), then F can receive only (+, +) - colored edges. Thus the previous graph 
has now a double edge of the same color and it is not allowed. In this case, T\ is composed 
only of W— type graphs, with color (+,+) for the edges deriving F, and arbitrary colors for 
the edges in the wheel. 

4.3 Decompositions and projections. Consider now the graph V of Fig. 3 in the bi- 
quantization diagram of g*, —A + h -1 -. According to [8] this graph is a small loop and it is 
allowed for T\. Furthermore, the authors in [H] explain how to compute its coefficient uJtv 
One has to use the angle form darg(z) with z being the position of the type I vertex of the 
graph, that is cJp' = \. Furthermore, the corresponding operator B^i is the trace of the ad- 
action. For H G f) of degree one as a polynomial function, it is easy to see with respect to 
§ 2.1 that p(H) := —U^iBp^H). We need two decompositions which we recall from [S]. Let 
j3„ : S(q) — > (U(g)/U(g)l)\+p) be the quotient symmetrization map. Then one has the decom- 
position U(g) = (3 q od^i(S(q))®U(g)-t) X +pL Applying the isomorphism (S(g), * D ) ^ (U(g),-), 
we get the decomposition S(g) = S(q) © S(g) *d fy\+ P - Analogous decompositions hold for 
S(e)(S})i Ur e \(g) as defined at the end of § 2.1. Indeed, 

S(e)(Q) = S(q)[e] © S {e) (g) * DK h A+p (11) 

The PBW theorem holds also for the algebras Sr € \(g), U^(g) and so there is a symmetrization 
map /3 (e) : 5 (e )(g) — ► U {e) (g). We denote as ^ j(e) : 5(q)[e] — >■ U {e) (g)/U {€ )(g)t)x+ P the 
quotient of this symmetrization map with respect to q. Set now q^(X) := q(eX) for X G 
g. Using the isomorphism (S^(g),*Di<) — {Sr £ \(g),*cF) — (Ur £ \(g), •), the deformed algebra 
Uf e \(g) can be decomposed as 

U ie) (g)=\ {e) od i (5(q)[e])ffi^ ) ( )-h A+p . (12) 

%) 

Lemma 4.1 Consider the biquantization diagram with g* on the vertical, and — A + i) 1 - on the 
horizontal axis. Let H G fj be a function of degree 1 on the vertical axis, and let *i denote the 

left (S^(g),*Di<)— module structure of H^(i)j^ , df™ ^ ± ^) . Then 

{H + (X + p)(H))* 1 l = Q. (13) 

Proof. As H is a function of degree one, it can receive only one edge colored by (+, — ) and so does 

H + (\ + p)(H). At the corner of the diagram, derivation of 1 will give a zero outcome so we look 

for graphs deriving only the function H + (A + p){H) . Let k be the number of type I vertices in a 

possible graph V in the expression (H + (\+p)(H))*i 1. Then from § 2.2, T should have 2k edges 

and satisfy the restriction 2k — l<k. So k < 1 and the only possible graph here is T' . By the end 

of §4.1, (H+(\+p)(H))*il = (H+(\+p)(H))- l+Lj r ,B r >((H+(\+p)(H)),l). For the second 

summand we have By'{H + (A+ p)(H), 1) = Tr ad s (H) by definition of this differential operator. 

Thus (H+(X+p)(H))* 1 l = (H + (X+p)(H))-l+uJ r Tr ad g (H). Since we finally have to restrict 

this result to -A+h- 1 , one gets -X[(H+X(H))*il] = -X[(H+(X+p)(H))-l]+u r ,Tr ad s (H) = 0. 




The second summand is just U(g)i)\+p. We make the product visible for this ideal because right afterwards 
we consider *— ideals. 



S5i,Q 



) ~ (u (e) (<B)/u (e) (<&)fi x y 
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Figure 3: The graph T'. The only possible graph in (H + (A + p){H)) *i 1. 



The operator T\(F) = F *i 1 is not a priori of constant coefficients. This is why we are now 
allowed to have double edges deriving F in the graphs contributing to T\. For such a graph 
r, we have tJp 7^ in general as the double edges might be of different color e.g (+,+)(for an 
edge carrying a variable in q*) and (+,-) (for an edge carrying a variable in h*). This was not 

allowed on the horizontal axis for the algebra H9^(t)j^,d^l ). The following uses arguments of 

[5] and should give better insight on T\. 

Lemma 4.2 The operator T\ in the biquantization diagram of g* and —A + h 1 - satisfies 

F *! 1 = Ti(F) = <=^ F e 5 (e) (fl) *dk hx+ P - (14) 

Proof. Let F € H9Jq*, a^J ) ~ ^(e)(fl) — (^(e)(fl)> *dk) be at the vertical axis. By the de- 
composition (HH), let F = A + B with A € S(q)[e], £ G 5 (e) (g) h A+p . Then Ti(F) = 
F *i 1 = A *i 1 = Ti(A). Since A € 5(q)[e], the operator Ti acting on A is composed 
only of W— type graphs of one color. That is T\{A) = exp (J2iiJ2w i eW-^W i ^W i )) C^)- So 
in this case, Ti is of constant coefficients and invertible because it is of exponential type. 
This means that T\(F) = => T\(A) = => A = and F = B £ S {t) {g) * D t)\+ P - Con- 
versely, let Q * DK {H+(\ + p)(H)) G S {e) {g) *dx f)A+ P - Then Ti (Q * D x (i? + (A + p)(H))) = 
(Q * DK (H + (A + p)(H))) * 1 1 = Q* 1 ((H + (A + *i 1) = where for the last equation 

we used Lemma l4.1l and the second, the compatibility property ()10p of the * product, o 

Let T\ := |s , (q)[ e ] • By lemma l-Ol T\ is a vector space isomorphism and we will write 
abusively its inverse T 1 1 : <5(q)[e] — > S(q)[e] C H?Jg*, d^)). The operators T\,Ti are 
constant coefficient operators described by W— type graphs. From now on we identify the 
products * dk and *cF,e on S^(g). 



5 Hf e) (^,dJ e i q )~(^ (e )(fl)/^ (e )(fl)^)^ 

Recall from @], [9] that the mapped 1 oT" 1 ^ : (fljjftf, ^ q ), — > (U {e) (g)/U {e) (g)fo), 
satisfies mod[U( € \(g)t)\] the relation 

(Pn,W od q h oT i lT ^j ( f i*cfF 2 ) = 



(Fx 



q.(0 



<(0 



1 



T x 'Ts (F 2 
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Theorem 5.1 Ze£ g be a Lie algebra and f) C g a Lie subalgebra. Let also A G f)*, A([fj, f)]) = 
6e a character oft) and choose a supplementary space q for f) m g. XTie map /?q 5 ( e ) °d i oTj T 2 

is an non-canonical algebra isomorphism between H^(f)j^, d^}_ ^) and (^( e )(g)/k r (< E )(g)f)A+p) f \ 

oTi'T 2 : flj> 6) (^,dg ) (^ (e) (fl)/?7 (e) (fl)^ + p) 6 . (15) 

9(e) A ' 

We give the proof of Theorem 15, II in two parts, through the next Propositions of this section. 

Proposition 5.2 With these notations, H^(f)j^, d^}_ () ) C (C/( e )(g)/C/( e )(g)f)A+p)' 1 - 

Proof. Let / eg* such that /|(, = A. Fix a biquantization diagram with g* at the vertical 

axis, and — / + t) 1 - at the horizontal. Let F G iT^(f)^-, d^J_ ) be on the horizontal axis, + 

(A + p)(H), H G f) on the vertical axis (as a function of degree 1), and 1 at the corner of the 
diagram. By definition, T2(F) = 1*2 F, and: 

(#+(A+p)(tf))*iT 2 (F) = (#+ (A + (#))*! (1* 2 F) = ((iT+(A+p)(#))*il)* 2 F = 0, (16) 

by the compatibility relation (flQ|) and Lemma [JTTJ We prove first that (H + (A + p)(H)) *dk 
(T^T 2 (F)) G 5 (£) ( ) *da' flA+p- Recall that for P, G G (S(g), * D x), ^ 6 #° £) (f)f , d^^ q ) we 

have (P * DA - G) *i K = P *i (G *i Then, ((# + (A + p){H)) * DK (T^T 2 (P))) *i 1 = 

(ff + (A + P )(H)) *! (r 1 ^ 1 r 2 (p) *! 1) = (-ff + (A + p)(#)) *i (t!(T^T 2 (P))) = (iT + (A + 
p)(if)) *i T 2 (F) = 0, where for the last equality we used (JEJ). Thus, (H+(X + p){H)) * DK 
(T 1 T 2 (P)) G 5( e )(g) *bk f)A+p by Lemma [4.21 Using the decompositions (fT2"j) and (fTTj) we 
get ((# + (A + p)(H)) r^T^F) - T~V 2 (P) *_da' (# + (A + p)(tf))) G 5 (e) (g) * DK i) X+p , 
that is, [(# + (A + p)(H)),T^T 2 (F)] G 5 (e) (fl) *m t)x+ P - Since [iJ + (A + p)(H),m] = [H, •] , 
we have that for F G F ( ° e) (^> <£2 J, T~ l T 2 {F) G (5 (e) (fl)/5 (e) (fl) * DA - f, A+p )&, and i o 

T^T 2 (P) G (C/ (e) (0)/C/(e)(0) • f)A+p) h , by the beginning of § 5. o 

Proposition 5.3 With these notations, (U^(Q)/U^)(g)t)x +p ) t) C H^(f)j^, d^_ ^). 

Proof. The proof of this fact is based on the description of the graphs that appear in a specific 
Stokes equation. This equation produces a system of homogeneous equations with respect 

to deg e , which will turn out to be the system ^(F) = defining H^(f)j^,d^ Put 

again in the biquantization diagram, g* on the vertical axis, and — / + t) on the horizontal 
one. Let G be an element of (U^(Q)/U^(Q)i)x+p) l] and place it on the vertical axis. Let 
H + (A + p)(H), H G f) be a function of degree 1 and place it also on the vertical axis. 
Since (H+(X + p){H)) * DK G - G * DK (H + (X + p)(H)) G 5 (e) (fl) * DK f)\+ P by the proof 
of Proposition [521 we have {{H + (A + p)(H)) * DK G-G *dk (# + (A + p)(H))) *i 1 = by 
Lemma IP Thus {{H + (A + p)(H)) * DK G) *i 1 = 0, since (if + (A + p)(#)) *i 1 = => 
(G (ff + (A + p) (H))) *i 1 = 0. Finally, ((# + (A + p) (#)) *dx G) *i 1 = (H + (A + p) (H)) n 
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(G *i 1) = {H + (A + p)(F)) *i [1 * 2 (T 2 -1 ri(G))] = 0. Now set T^T X (G) = F for an F on the 
horizontal axis, and write 

(H + (X + p)(H)) *i (1* 2 F) = 0. (17) 

Let s be a point on the horizontal axis. This point will be considered as F and we will 
use it to calculate the following integral: Let s move on the horizontal axis , and fix 1 at 
the corner of the diagram. Let C(s) = ^2 r ^r(s)F>r(F) where T are all the possible graphs 
appearing in the expression (H + (A + p)(H)) *i 1 *2 F. To apply the Stokes equation, we 
need to calculate the integral ^ r / °° doJr(s)Br(F) and for this, to calculate lim^oo C(s) and 
lim^o C(s) (where is considered to be the corner of the diagram). First, when s — > 0, the 



Ik 

Figure 4: Behaviour of (H + (A + p){H)) *i 1 *2 F when s — ► and s —> oo respectively. 

corresponding expression (H + (A + p)(H)) *i (1 *2 F) is zero by f)17j) . On the other side, when 
s — > oo on the f)^— axis, is like (i/ + (A + p){H)) tending to the corner and the corresponding 
term ((H + (A + p)(i?)) *i 1) *2 F is zero by Lemma I4TT1 Recall that H + (X + p)(H) is of degree 
1, so it can be derived by only one edge. The function H + (A + p)(H) is always derived by an 
edge since in the opposite case there will be an edge with no available endpoint. This will be 
clear after the description of the possible interior and exterior graphs that follows. 

The Stokes equation. Let F = X^=o e *^n-« where the terms F~ are not homogeneous 
polynomials. We saw before what happens when s — > and s — >■ oo on the horizontal axis, so 

roc 

/ duJ r (s)B r (F) = J2(uJ r (oo)B r (F) - uJ r (0)B r (F)) =0-0 = 0, (18) 
P J p 

where T runs over all the possible graphs. To write the differential dZJr(s), we check the possible 
concentrations of points and graphs (both interior and exterior) so that the final contribution 
is nonzero. 

Possible concentrations appearing at the Stokes equation. We first examine four kinds 
of concentrations that turn out to have zero contribution. These are the following: 

1. Concentrations at (H + (A + p)(H)). Concentrating at (H + (A + p)(H)) at the vertical 
axis, we necessarily have a colored edge leaving the concentration. Indeed, since (H + 
(A + p){H)) is of degree 1 it can receive only one edge and the only possible graph 
in the concentration is the £>-type graph of one edge with another one eoo leaving the 
concentration. This isn't possible as eoo should be labeled here with a variable in (g*)" 1- . 

2. Concentrations outside (H + (A + p)(H)) on the vertical axis. Such concentrations 
leave two edges towards oo. As before there are no variables for these edges and so the 
contribution is 0. 
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3. Aerial concentrations. These may consist of concentrations of three or more vertices 
of type I, or of two such vertices collapsing. In this case we can regroup these terms in 
such way, so that their total contribution is zero as a result of the Jacobi identity. 

4. Concentrations away from s on the horizontal axis. If we concentrate on the 
horizontal axis but not at s, the only possible graph will be the one of two type I vertices 
with two edges of the same color from one to the other and two colored edges leaving the 
con centration. However these terms have zero contribution due to Kontsevich's Lemma 
[W] § 7.3.3.1. 



Figure 5: The types 1,3 and 4 of concentrations that have zero contribution. 



One can have other, called here exterior, graphs acting on interior concentrations. Let 
be the family of possible interior graphs with a being the edge leaving the graph, and T^ xt 
be the exterior ones acting on them. These graphs both depend on the edge a. For graphs 
E Tf nt and F" x s t E T^ xt , the numbers k,s E Z + will denote the number of type I vertices 
in each case. This refers to the total number of type 1 vertices for interior and exterior graphs 
respectively^, 

Interior graphs. (Denoted as TP^). The principle for having a non-zero contribution 

by a concentration is that the dimension of the concentrated manifold C kl should be equal to 

the number of edges of a possible So interior graphs can be only of £>-type or £> W-type. 

This is true by exclusion of the other possibility, W-type graphs. Indeed, the concentration of a 
W-type graph with k vertices, will give an extra dimension to the concentration manifold, that 

is, any such graph will give a zero coefficient Up. In other words, after the concentration of 
we won't have the right dimension for the interior concentation manifold. On the contrary, the 
two cases of graphs that we accept, get through this anomaly by allowing a colored edge to 
leave the concentration. 

Exterior graphs. (Denoted as r^.) As a first possibility here we may have one i3-type 

graph receiving at its root the edge a = from and having a colored edge deriving H+(X+ 
p)(H), plus an infinite number of superposing W-type graphs deriving also the concentration. 
The other possibility is to have an arbitrary finite number of W-type graphs. In this second 
case, the edge a leaving the interior concentration derives directly the function H + (A + p)(H). 
The case of a £>W-type graph is not acceptable as a possible T" xt for the following reason: 
The colored edge leaving a £>W-type graph will in that case derive directly the function 

H + (A + p)(H) on the vertical axis, so the edge a of will have nothing to derive. As we 

saw before we have another possiblity for Tfj%, namely having W-type graphs. It can be shown 

2 For the exterior graphs, type II vertices are considered those representing the concentration so as type I 
vertices are considered all the others. 
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([2] Lemma 3.7) that the existence of such graphs does not alter the equations (|21|) so T^' t will 
always be here a B— type graph with k vertices of type I. For the exterior graphs now, we have 
also £>-type graphs in T ext , that receive at their root the colored edge coming from T^nt * ^® 
r^j™ are i?-type graphs with m type I vertices. The other possibility is to have additionally 
an arbitrary finite number of W-type graphs. If additionally to a B m — type graph, we have r 
W-type graphs of p±, . . .p r type II vertices respectively, we will denote this family of graphs as 

-pa,m,pi,...,p r 
ext 




Figure 6: The possible exterior graphs (T" xt ). 




Figure 7: BW— type graphs are excluded from the possible T" xt . 

Writing the equations. We skip the notation tJp and just write ojy since all graphs 
are colored. Let Tf^ £ Tf nt and T°^ x ™ € T^ xt and B^ a , B^u t be the respective differential 
operators. The equation we want to express in graphs is 

poo 

E / ^Js)B TSxt (u r?nt B r?nt ) ds = (19) 

pa pa " 

int ' ext 

The hat denotes the fact that wr« ( (s) is an 1- form while wrf nt is a coefficient. Note also that 
the term 0Jr<* ^r? doesn't depend on s. The idea is to analyze equation (fT9j) in terms of the 
graphs Tf nt and T° xt for interior and exterior concentrations respectively. As a convention, let 

^tnt b e t ne ^-tyP e graph with one vertex and T" x ° t the #-type graph with no vertices i.e an edge 
leaving from the concentration at the horizontal axis and ending at H + (A + p)(H). 
We begin examining the possible concentrations of points and edges excluding the non-acceptable 
cases discussed before. The simplest concentration is to have the type I vertex of T^J collapsing 
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iX 



to the horizontal axis, and to have no other type I vertices for the exterior graph. The resulting 
graph is Tg^) the situation before the collapse is depicted in Fig. [5l So the first term in the 
left hand sum of equation (fT9|) is L 6j r a,o(s)B ra ,o(uJ r c,,iB r a,i)ds. It can be computed (see [2] 

ext 1 ext 1 int int 

Lemma 3.7) that B r a,o is a nonzero number and in particular B r a,o = uj r a,o = 1. Thus this term 

ext ext ext 

equals u r a,iB r a,i where cJ r a,i = d(j) + e . When we have in total two type II vertices, then 

1 int 1 int 1 int "1,1 ' 

one has the following possible concentrations: First, to have as the interior graph the graph 
collapsing to the horizontal axis and as exterior, the graph T"^. The second possible case 

is to collapse the graph at the horizontal axis, and. have again as the exterior graph. 
These situations give the summand 



/"OO f'OO 

/ UJ r a,l (s)B r a,l (0O r a,lB r a,l)ds + / U-ptx.O (s)B-pa,0 (jjJ-pa^B-ptx^ 
J q 1 ext 1 ext L int int J q ext 1 ext 1 int int 



)ds. (20) 



at the left hand side of Q19|). Following the previous calculation, this term is uj„ a ,2B„ a ,2 + 

int int 

(jJ r a,iB r a,i(uJ r a,iB r a,i), the new coefficient being oj r a,2 = L,+ d(f> + e i A d0_ e 2 Ad0 +e 2, if we 

ext ext int int int "2,1 ' 1 ' 1 '2 

put the root of the £>2 graph in first position, the edge leaving the root and deriving the axis 
in first position, and the edge eoo in first position with respect to the edges leaving the second 
vertex. Computing the possible concentrations for larger numbers of type I vertices, one gets 
inductively the sum at the left hand side of ()19p . This sum can be grouped in nice terms if we 
take in mind the parameter e for each type I vertex. In fact one can write homogeneous equations 
with respect to the total deg e degree. If the total graph derives the function F = e*F n _j, in 
differential operator terms, the equation (fl9|) is equivalent to 

El E (^ext B r«J"r ?n B T? jF))))=0 (21) 

\ int' ext / 

V (u) T «, m B v «, m {u a , k B r c,k(Fi))) e m+k+l ] 1=0, for I = 1, . . . n, jfe, m = 0, . . . oo 

^ — ' V ext exi int int / J J 

l,k,m I J 




Figure 8: The operators B„ a .o and B„ a ,i. 

1 ext 1 int 

For deg e = 1, the only term is oj r a,oB r a,o(uJ r a,iB ra ,i) as it is clear from Fig. [5j Thus, our 

ext ext int int 

first equation is cJ r c,,oB r <x,o(u) r a,iB ra ,i(F n )) = 0, and u r <x,oB r ac,o(u r <x,iB ra ,i(-)) is an operator of 

ext ext int int ext ext int int 

degree 1. So this first equation yields 

lj r «,i£ r a,i(F n ) = 0. (22) 

int int 

Taking in mind the graphs that we allow for T^J, this is actually the first equation d^£ q (^n) = 
of the system d^l ^(F) = defining the reduction algebra H^(f)j^,d^[ £) ). For deg e = 2 we have 
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Figure 9: The graph corresponding to B°<, (B^ a ). 



( k>pa,l-Bpa,l (Wpa.lBpd.l {Fn)) + Wpa,oSpO,o(Wpa,2i3pa,2 (F n )) + k>pa,0-Bpa,0 (cjpa.l-Bpa.l (i*n— 1 ) ) ) 

\ ext eit int int e3~t ext int int ext ext int int / 

0. By ([22]) we get (a; ra ,2i? ra ,2(F n ) + u r a,iB r a,i (F n _i) ) u) r a,od a H = Va, Viif which gives that 

\ int int int int / ext 

Va, 

CJ r a,2S ra ,2(F n ) +W r o,lB r c,,l(i i ' n _l) = . (23) 

int int int int 



Again, we observe that this corresponds to the second equation cffl (F n ) + dp£ (i^n-i) = of 
the system df^]_ ^{F) = 0. For deg e = 3, we write 

y [uj-pU,oB„a,0 (Wpa,3-Bpa.3 (F n )) + Ul-pC, ,2 -Bp Q ,2 (Wpa , 1 -Bpa , 1 (-F n ) ) + Wpt> , 1 -Bpa , 1 (Wj,t> ,2 -Bpa, 2 {F n ) ) + 

' * ext ext int i n ~t ext ext int int ext ext int int 

a 

+Wpa,lBpa,l(Wpa,lBpa,l(F )l _l)) + Wpa,0 -Bpa ,0 (Wpa,2 .Bpa ,2 (-F n _ I ) ) + CJpa ,0 Bpa ,0 (ui-pct , 1 Bpa , 1 (-F n _2 ) ) ] = 0(24 



Now by ([23]) we get [w r a,3i? r c l ,3(F n )+w ra ,2i? rQ ,2(F n _i)+w r Qai? r a,i(i ? n-2)]w r a,o(9 Q // = Va,VBf 

int int int int int int ext 

and as above, for all indices a this gives 



Wpa,3BpO,3(-F n ) + Wpct,2-Bpa,2 (-F n _l) + UJ„a , 1 Bpa , 1 (-F n — 2 ) = 0. (25) 

int int i?it int int i?it 

Again, considering the graphs that we allow for Tf t , this last equation is actually the third 



equation d [ (F n ) + d [ (F n _\) + d h l {F n -2) = of the system dfl (F) = 0. Induction on 



^ q ( F «) + <lV i? «- i ) + 4V" 

deg e will give, as ([22]), ([23]), ([25]) suggest, 

a a i 

Thus for F € (^7( (^ )(g)/^7( e )(g)^)A+p) ,, the Stokes equation ([18]) produces the reduction equations 
for H° {€) (^,d[ e l ), that is G = f^oSj oT^ (F) € (t/ (e) ( )/[/ (e) (g)f, A+p )" => F G 

6 Specialization and deformations. 



6.1 Homogeinity degree and the vector space case. At the proof of theorem 15.11 the 
deformation parameter e was used to write down homogeneous equations. These equations were 
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a product of a Stokes equation (fT9|) . and resulted in the reduction equations of H^(t)j^,d^l ^). 
Recall that in § 3 we used the parameter e to describe the differential d^J_ and give the definition 
of H° {t) (\) L ,d^l ). However it was explained later that in the vector space case (i.e i) ± ), the 

algebra H ^- 1 , d l) ± q ) could be defined without using e, but using instead the degree deg q of 
operators in d i) ± q . Thus for a Lie algebra g, a subalgebra t) C g and q such that g = f) q, one 

The second isomorphism is Lemma 13.41 The direction iJ°(()- L , du±„) C (C/(g)/[/(g)f)) f ' can 
be proved similarly to Theorem 15.11 setting A = 0. For the opposite direction of the first isomor- 
phism, ([/(g)/C r (g)f}) (l C , d[j± „), we have again interior and exterior graphs describing 
the Stokes equation (fT9|) . This time we argue in terms of the degree deg q of the operators 
Br* , Bp" ■ Namely we use the total degree in q to write down the equations (f2Tj) (as we used 
the total degree in e in the proof of Theorem 15. 1|) . For degJB-pf ) + deg q (i?rf nt ) = 1 we get 
-Bp Q (B™ (F n )) = 0, and then Bh a (F n ) = 0. Similarly we get the rest of the equations in 

ext int int 

(EH) for deg^J + deg q (J3 rf J = k. 

Keeping the notation T\ := T\\g^ also in the case without the parameter e, the map 
£ q o d i oT~ l T 2 : F (bf,d„-L )() ) (U( 5 )/U( Q )t )x+p )\ P ^ f3 q o Sjo^P), is an 
injective algebra map since one simply has to work as in the first part of Theorem 15 .11 

6.2 Specialization algebra. Recall the following notation from earlier: Let 7T( e =i) : 

Bfefox > <^x ) — ► ^ e =i)(^A ' ) ^ e ^ e canon i ca l projection. For F' = ^2 r e r F^., with 
F' G flj» 6) (^,dg )(i ), we denoted as J : tf ( ° e) (hf , d^\ q ) — ► , d„x q ) the linear map de- 

fined by the formula J(F') = J2k F 'k- Let also J : #?e=i)(&A - d f J } ) — ► , ^x q ) be the 

quotient map (Lemma 13. 5p . In the following we will use the reduction algebra iJ°(^,d^± q ), 
t G W. The operators in the differential defining iJ°(f)^ v ,d () ± q ) are the same with the differen- 
tial defining iif (h^, d^x q ). However in the case of i?°(h^, d^x q ), the variable t shows up after 
restriction of an operator at — tX + i) 1 - (this is due to the root of a B— type graph in c^x q ). 

Theorem 6.1 Let g be a Lie algebra, fj C g a subalgebra and q such that g = f) © q. 

1. Let F G H Q {\){- ,d h ± q ). Suppose an F {t) = J2 P tPF P satisfying F {t) G #°(f)4> ^ 
Vt G M* and f(t=i) = i* 1 . £ei _F P = ^ i 7 ^ 6e a decomposition in homogeneous polynomials 
i.e deg q (F p W ) = i and let F (e) := e^E^^TF («»tfc ^ >> max(i + p)). Then F (e) G 

«. Lei F G H (^,^x )q ). Suppose an F {e) = £ > fe > n e fc F fc satisfying F {e) G B° {e) (^, 

and J(F^) = F. Let Fj, = Y2i F k ^ e a decomposition in homogeneous polynomials 
i.e deg q (F ( J i) ) = i. Let also F {t) := t N £\ fc t^F® ( with N » max ^ + k ))- Then 
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Proof of 1. Let's first examine the equations denning iT°(f)^, d^± a ). Let be an operator 



in d, . Then Bi. 



tx+h 1 - = tB' k + B' k . Here B' k are operators whose graph is a B— type graph 

with k type I vertices (i.e of type) and with its root in f)*, while B' k ' are operators whose 
graph is either a £>Wfc— type graph, or a type graph with its root in q*. Operators in B' k 
are of degree —k (with respect to q since they derive k times). For operators in B' k we have that 
by definition BWk~ type graphs correspond to operators of degree —k + 1. The same is true for 
graphs of Bu~ type with their root in q. Thus, deg^(B' k ) = —k and degJB' k ) = —k + 1. Taking 
into consideration also the variable t, we can write that the total degree deg qt := deg q + deg t 



of tB' k ,B' k ' is -k + 1, that is deg^ t (tB' k 
differential d. 



d 



d lk 



where deg n Jd\ k j ) 
a* q ' K\A' 



deg qt (S^) = —A; + 1. We decompose now the 
de 

-k + 1. This sum can be decomposed as 



q with respect to the total degree deg q t of the operators in it. Namely we write 



fc>i 



1*1' 



(26) 



where deg q (d^j q ) 
Then ^.qC^Ct)) 



= —A; and deg q (ci 
0. So we have 



1*1" > 

tt* J 



k+1. LetG (t) = J2 p t p F p with G (t) € H° (^ x , d^) 



d 




E tPF p ) = o ^ E^ +1 [ E<1(^) + <L(^ 



,i*r 



fe>i v 7 \ p / p \fc>i 



which is equivalent Vp > 0, 6 € 7L+ to 



i,k 
i—k=b 



(27) 



Set now G( e ) = Yl Fp^ with deg^-Fp' 7 ) = i. We want to calculate d'fi (Gm). This differ- 

e 1^ iq 

ential is written again grouping the family of B— type graphs with root in h* and BW— type 

graphs together with B— type graphs having their root in q*. Thus df$ can be written as 

n A ,q 



k>l 



=Ye k id[ k ! +d 

Z—/ t)f,q Z__/ V bi,q 



k>l 



1*1 



(28) 



where deg n (d' fc |' ] 
we have 



,1*1 



-k and deg„(d 



-fc + 1. Denoting again as B^ an operator in d 



(*) 

h^,q 



ot.q 



/ 



E efc ( E **) 



E^ 



f i+p 



Ye k (d[ k l +d[ k l 




E 



i,k,p 
k—i—p=a 
\ i-k=b 
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for a G Z, 6 G Z + . For the summation index, we get — p = a + 6, so the inner sum for 
p = —a — b is, 



(29) 



By (23), the sum © is 0, and so G (e) G F ( ° e) (hf , dg q ). Finally F = F (t=1) = Ei,^ = 

Proof of 2. We keep the notation as before. Let F G H° , q ) and F( e ) G il^h^, djp| ) 
with F (e) = F + eFi + e 2 F 2 H + e n F n and F = J{F (t) ). For k G {0, . . . ,n} write F fc as 



Fk = YliFfP where the F^' are homogeneous polynomials of degree deg q (F^ ; ) = i. We have 
that 



,(0 



/ 



E efc ( E **) 



E^> =0 ° E^Kl + </j 



E ePi f } = ^ 



E 1 



E 



V 



i,k 
k+p=a 
i—k=b 



i,k 
k+p=a 
i—k=b 



// 



which V(a, 6) G Z x Z + is equivalent to 

E + E <«>r ,, ) = °- 



i,k 
k+p=a 
i—k=b 



i,k 
k+p=a 
i—k=b 



(30) 



Let now G t = £E p J^ F P ■ Tnen 



V^HE^ + ^JIE^'hE^ 1 



, k>l 



i,p 



E 



E W>+ E <i„(*f> 



i,k 
i i+p=7 
\i-k=b 



i,k 
i+p=f— 1 
i— fe=6— 1 



E'" 7+1 



E 



V 



it 

i i+p=7 
\i-k=b 



i,k 
i+p=y 
i—k=b 



The summation index in equations (|30|) gives i + p = a + 6. So for a + 6 = 7 we get 



i,k 
»+p=7 
i— fc=fe 



E<i fl (^)+ E<i,( j? r i> )='> 



i,k 
i+p=y 
i—k=b 



(31) 
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and so G t G fl°(^,d 6 x >q ), Vt G R*. 

Thus if F G F°(f)f , d ft x „), then F G 7 (iJ ( ° £=1) (f)^ d^)) iff there is a famiiy (F p )!> p > n G 
S(q) such that F (t) := J2 P tPF P satisfies the conditions Vi G R*, F (i) G H°(f)£ x , d^x ) and 
f(t=i) = 

6.3 Deformation algebra. Let be a Lie algebra. Consider a supplementary variable T 
such that [T, g] = and set g^ = gffi < T > and f)T = f)© < T > such that dim(g*r) = dim(g)+l. 
Set also U(qt) to be the U.E.A of qt and U(qt)^\ to be the ideal of U(qt) generated by 
tjT =< H + TX(H), H G h >. Set D T (g,f),A) := (^(flT)/^(5T)f)D hT - We use the notation 
/3 t : 5(q) — s> ^ r (fl)/^ r (5)f)tA to denote this vector space isomorphism through symmetrization. 

Definition 6.2 Let q be a Lie algebra and f) C g a subalgebra and X a character of f). Fix q 
a supplementary of f). We will say that t — > u% G U(g)/U(Q)t)t\ is a polynomial family in t 

iff t — > j3 t (u t ) G S(q) is a polynomial family in t. We also denote as V(t) ((U(g)/U(g)t)t\) t> ) 
the polynomial in t families t — > ut G (U (Q)/U(g)i)tx) i> ■ Equivalently for such a family we will 
write ut€P {t) {(U( Q )/U( Q )i) tx ^) . 

Lemma 6.3 The object V^t) ((U(s)/U(g)f}tx)) is an algebra. 

Proof. For polynomial in t families ut and vt, ut + vt is in (U^/U^fytx)^ and polynomial 

in t. Let us verify that if (3 t (ut),/3 t (vt) are polynomial families in t, then t — > f3 t (utVt) 
is polynomial in t too. Let {X\, . . . ,X p } be a basis of q and {Hi, . . . ,H r } be a basis of H 
such that {H2, ■ ■ ■ , H r } is a basis of kerX n f). For multiindices a, u, 7, G N p , 5 G N r we use the 
notation X a = X" 1 ■ ■ ■ X p p , JO = Xj 1 ■ ■ ■ X^ , H 5 = H^ 1 ■ ■ ■ Hp. With the assumptions on 
the basis of f), we have that H 5 G f7(g)f) u if (h, • • • , S r ) ^ (0, . . . , 0). Then 

/?pr)/?pn = Cy/3pn+ E <^ xu )h 5 = £ c^xni-txm^ mod[u( Q % x ]. 

Using the decomposition U(g) = f3(S(q)) © £7(0) f) a of ^(s); we g e ^ that the element R = 

Tt 1 mX a )P{X^)) = E ar( ,»V + Ea^cS^C-U^i))* 1 is polynomial in t. Now write 

/3 t (u t ) = EaPa(0^ Q an d (vt) = Ylj ( l'y(t)X' y as polynomial functions. Then (3 t (utVt) = 

Yj aa PoL{t)qn{t)Pt 1 (AP^OAP^ 7 )) is a polynomial family in t. o 

Let < T — t > denote the corresponding ideal of U(qt) and 7r t : U(qt) — > U(qt)/ < T — t > 
denote the canonical projection. Let St(q) be the symmetric algebra of qt- There is a surjective 
algebra map et : U(qt) — > U(g) defined by T i-> t and VX G g, IhI. The kernel of is 
^ (flr) < T — t > and we get an isomorphism of algebras (U(qt) / < T — t >) ~ U(g). We write 
nt {(U(Q T )/U(Q T )t)l)^) = {(U(BT)/U(g T )t)x) t,T / <T-t>). So by evaluation at T = t, we 
get an injective map of algebras 

HT=t) ■ ((U(QT)/U(Q T )t)l)^/ < T - t >) ^ (U(q)/U(q% x )\ 

Theorem 6.4 Let q be a Lie algebra, and f), A, q as usual. Let t — > u t G (U(g)/U(Q)[)tx) t) be 
a polynomial family in t. Then there is ut G {U{qt)/U{qt)^)\ ) f,T such that et{ux) = ut- 

Proof. Choose a PBW basis {Q\, Q p , Hi,... H m , X} for g = q © foffi < X > where I £ I) 
and f)o be such that g = qffifjo© < X > and X(X) = 1. The PBW theorem gives a supplementary 
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of U(o)\) t \ in U(g). In fact considering the symmetrization map (3 t : S(q) — > U(g)/U(g)t) t \ 
and Q a = Q* 1 ■ ■ ■ Q* p a basis of S(q), then for F(i) € V [t) {{U{g)/U{g)\) tx f), 3 (p a (i)) a family 

of polynomials such that F(i) can be written as F(t) = EaPaW/^t(Q a )- The condition for 
F(i) to be t}— invariant is 

[H h F(t)} G l7(fl)btA, Vi. (32) 
For Qi,...,Q p a PBW basis, er, a, 7, (5 multiindices, Q CT := Q^ 1 • ■ • Qp p and (3 : S(g) — > U (g) 
the ordinary symmetrization, we write that Vi, [Hi, (3(Q a )] = E c^fg Q a X s . Since F(t) = 
^2, a Pa{t)fit{Q a )-> condition ([32]) is equivalent to 

E^)Eff^H i = a ( 33 ) 

Let now 0t '■ Sr(g) — > U(gx) be the corresponding symmetrization map and consider the 
element ut '■= Y2 a -^(^O/^HQ")- The condition for ut to be hy— invariant is 

^P Q (T)^cS Q) Q CT (-T) 5 = 0. (34) 

a i,a,6 

Clearly the equations ([33]) and ([34"]) are equivalent and «t constructed above satisfies tv^ut) = 
ut- 

Corollary 6.5 In the specialized version t = 1 of theorem \6.J\ we have for the algebra T)(t=i){8> f), A) := 
(f/(0T)/C/( 0T )^)^/ < T — 1 > tfia* 

D (T=1) ( ,h,A)^([/(g)/C/( )f) A ) ft , 

cmc? m particular, the elements of D(r =1 )(g, A) correspond to elements who are the value at 
t = l of elements in Vu\ ((U(g)/U(g)t}tx) t) ) •' Ifu G D( r=1 )(g, f), A) thenthereis an elementur^ 
U{gr) such that u = n(T=i)(ur)- Moreover, the element u t := e^ =t )(uT) G (L r (g)/C7(g)f) i A)'' 
defines a polynomial family in t, that is Ut G F^) [(U(g)/U(g)t)t\)^) ■ 

We denote abusively and for presentation reasons as V(t=i) {(U(g)/U(g)t)\) l} ) the values at t = 1 
of elements u t G F (t) ((C/(g)/f/(g)f) i A) f '). Recall from Lemma [33] that F° =1) (f)f , dj^) ^ 

^ (^^h^q) andtnatfrOm § 6 - 1 '^°(^' d ( ) f,q) ^ (^(0)/^(0)f)A+p) h . ThuS^^f,^) ^ 

(E/(g)Mfl)fjA) h - We denote as i (e=1) the injective map i (e=1) : F° =1) (f,f , d^) (U(g)/U(g)t) X+p )K 

Proposition 6.6 Let f)^ =< H + X(H)T, H G f) >C gr and 1 a supplementary of f) in g. Lei 

also t h-> F t G iJ°(f)^,d^± q ) 6e a polynomial family int. Then there is Ft G iT°((f)^) , ti^ru q ) 
suc/i f/iai et{Fx) = Ft. 

Proof. Let F, = £ fc **i^ with Vfc > P fc e 5(q) and F t G d„± ,,), that is d 6 x >q (F t ) = 0. 

Analysing the differential d^x q in terms of deg q and F$ in homogeneous polynomials P^ as 
in the proof of Theorem 16. 1\ we conclude that similarly to (|2"7j). the equation q (-^i) = is 
equivalent to 

E <l>iV41>&V0. (35) 

i— s=b 
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Now since T is a central variable, we have ViJ £ f), [/d +A(id)T, •] = [H, •], and so the differential 
d(f,T)± q contains exactly the same graphs as d^x^. Decomposing d^T^x q as d^r^x q = ^_l jC) = 

X^fe^x „ with deg^d^l ) = — s + 1, the equation ([35]) implies that Ft := Y^k^** Pk satisfies 
the equation d^i^x^-Fr) = and thus Ft E id ^^) -1 -, d^r^x,,) and et{Fr) = i*t- 

Corollary 6.7 Proposition \6.6\ specialized at T = 1 says £/ia£ id°((l)^')- L , d^T^x q )/ < T — 1 > 
is i/ie values at t = 1 of polynomial in t families t — ► i*t € id^h^d^x q ). 

Theorem 6.8 The specialized algebras D (T=1) (fl, f), A+p) := ((^(0r)/^(0T)^A+p) f ' 7 7 < T-l > 
and 

^ ( ° e=1 )(^,4x= 1) ) := (i? ( e) (^,dj e 2 q )/ < e- 1 >) are isomorphic. 

Proof. In the vector space case that we consider it is 

{U(Q T )/U{Q T )t)l +p f T * ^ ((dl) ± , d ftD x !£) ). (36) 

Now we specialize (|36p at T = 1 and see what we get from both sides. At the left hand side 
we have D (T=1) (g, I), A + p) = (V(0T)M0T)f)I +p ) flT / < T - 1 >) which by Theorem IO and 
Corollary 16.51 are the values at t = 1 of polynomial in t families t — > u t 6 (f (0)/£d(0)f)t(A+p)) f '- 
At the right hand side of ([36]) specialized at T = 1, we have id°((f)^) , d^r^x q )/ < T— 1 > which 
by Corollary 16.71 is the values at t = 1 of the polynomial in t families t — > F t G id°(f)^, d^x q ). 
By Theorem 16.11 id^ =1 ^(f)^-, djjxTq ) is a l so the values at i = 1 of polynomial in t families 
t — > F t <E H° (t)^- x , d^± q ). We have thus shown that 

fl^Oj^rJ 5 ) ^ D (T=1) ( ,f),A + p) ^ (c7(0)/C/(0)f )A+p ) f '. o 
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